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a b s t r a c t
Let p ≥ 5 be a prime, ζ a primitive pth root of unity and λ = 1− ζ . For 1 ≤ s ≤ p− 2, the
smooth projectivemodel Cp,s of the affine curve vp = us(1−u) is a curve of genus (p−1)/2
whose jacobian Jp,s has complexmultiplication by the ring of integers of the cyclotomic field
Q(ζ ). In 1981, Greenberg determined the field of rationality of the p-torsion subgroup of
Jp,s and moreover he proved that the λ3-torsion points of Jp,s are all rational over Q(ζ ). In
this paper we determine quite explicitly the λ3-torsion points of Jp,1 for p = 5 and p = 7,
as well as some further p-torsion points which have interesting arithmetical applications,
notably to the complementary laws of Kummer’s reciprocity for pth powers.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let p be an odd prime, let ζ be a primitive pth root of unity in C and let λ = 1− ζ . For every integer s, 1 ≤ s ≤ p− 2, let
Cp,s be the smooth projective model of the affine curve defined by the equation vp = us(1 − u). Each curve Cp,s is defined
over Q, has genus (p − 1)/2 and its jacobian Jp,s has complex multiplication by the ring of integers Z[ζ ] of the cyclotomic
field Q(ζ ). A well-known theorem of Greenberg [1] asserts that, if p ≥ 5, all λ3-torsion points of Jp,s are rational over Q(ζ )
and conversely, Kurihara [2] proved that a point of Jp,s is rational over Q(ζ ) only if it is a λ3-torsion point of Jp,s.
Unfortunately, Greenberg’s theorem is not effective in the sense that it does not exhibit a systematic way of producing
λ3-torsion points of Jp,s in general. To our knowledge, until rather recently the λ2-torsion points of Jp,s were explicitly known
only for the isomorphic cases (p, s) = (7, 2) and (p, s) = (7, 4) thanks to Prapavessi [3] and for p = 5 thanks to Coleman [4],
Grant [5] and Tzermias [6]. Nevertheless, Tzermias has developed in [7] an algorithm to produce, in principle, a generator of
the subgroup ofλ3-torsion points of Jp,s as aZ[ζ ]-modulewhich could eventually lead to the complete explicit determination
of all the λ3-torsion points of Jp,s.
Grant has used in [5] his knowledge of the 5-torsion points on J5,1 to prove the complementary laws of quintic reciprocity
and in [8] to construct a set of abelian units which can be used to verify the conjectures of Stark and Rubin in a case when
the L-series has a second order zero at zero. Likewise, Fukuda and Komatsu [9,10] have exploited the arithmetic of J5,1 to
construct Minkowski units. Also, McCallum [11] has given a general formula for the Cassels–Tate pairing on the λ-torsion
part of the Shafarevich–Tate group of Jp,s over Q(ζ )which can be applied directly whenever one knows an explicit rational
function on Cp,s whose divisor equals p times a divisor representing a λ2-torsion point on Jp,s.
The first aim of this paper is to compute explicitly the 125 λ3-torsion points of J5,1 and the 343 λ3-torsion points of J7,1. As
for J5,1, one may expect as immediate applications of our computations concerning J7,1 the verification of the conjectures of
Stark and Rubin in further cases, the construction of new Minkowski units or the direct application of McCallum’s formula
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in some other situations. Our approach differs from Tzermias’, both in the method followed (see below) and in the results
attained, since we give the canonical expression of every λ3-torsion point outside the Theta divisor as the class of a divisor
with two (for p = 5) or three points (for p = 7) in its support, while Tzermias gives explicitly a generator of the λ2-torsion
subgroup as aZ[ζ ]-module, leaving aside the reduction of divisorswhich really supplies in each casewhat could be called the
coordinates of the points and which is a nontrivial computational task. We provide also for every point the rational function
which shows that it is indeed annihilated by λ3. For the sake of completeness, let us remark that Tzermias’ generator for the
λ2-torsion of J7,1 (see [7], p. 343) is precisely ourw1,2.
The second aim is to determine some extra 7-torsion points of J7,1 which are a key ingredient in the geometric proof of
the complementary laws of Kummer’s reciprocity for seventh powers originally presented in [12], a proof that follows the
tracks of Grant [5] and that will be published elsewhere [13]. The calculation of these extra points uses the knowledge of λ3-
torsion, so that it seemed natural to include it here; in otherwords, we seize the opportunity to expound here together and in
a coherent manner the computations on torsion points which lead to reciprocity for seventh powers. A common forerunner
both of Grant’s proof of quintic reciprocity and of our proof of reciprocity for seventh powers is Eisenstein’s proof of cubic
reciprocity using elliptic functions (see for example [14]) or more precisely, exploiting the arithmetic of the curve C3,1.
We should emphasize that when dealing with this proof of the complementary laws of Kummer’s reciprocity, we have
come across a rational function which produces units when evaluated at torsion points of the jacobian which are not in its
support. In the hope that this could be in some sense the tip of an interesting theory in genus greater than one of functions
producing units, similar to the classical theory of elliptic units, we have insisted in listing every torsion point and not just
generators, with the aim of testing this remarkable property of the above function (see Proposition 1 in Section 5). Indeed,
in view of the importance of units in algebraic number theory, it might occur that this result obtained as a by-product of our
investigation on reciprocity laws becomes of some interest in the future.
Ourmethod to compute torsion points is quite straightforward, sincewe only use the process of reduction of divisors, the
Riemann–Roch theorem, resultants, Euclid’s algorithm and the like. Nevertheless the computational task is nontrivial due
to the size of the systems of equations involved. In any case, the fact that we know, thanks to the theorems of Greenberg,
that these huge systems of equations have actually solutions in the cyclotomic field or in one of its p-elementary Kummer
extensions serves sometimes as a guide.
It is noteworthy and a fortunate fact that the integer coefficients describing the data which determine the torsion points
whichwe have looked for are rather small, making it possible towrite themdown on small tables. This curious phenomenon
is somewhat reminiscent of the well-known tendency of the coefficients of cyclotomic polynomials to be small.
Let us depict now briefly the contents of the paper. In Section 2 we introduce the curve C7,1 and the general facts
concerning the jacobian J7,1 and we determine the λ2-torsion points of J7,1. Remark that the change of variables v = x and
y = u− 1 transforms vp = u(1− u) in xp+ y2+ y = 0 and that we work with the latter model. To simplify notation, in the
texts of Sections 2–5 the curve C7,1 is called C and the jacobian J7,1 is called J , with all the other consequent simplifications
of notation. In Section 3 we calculate the primitive λ3-torsion points of J7,1. In Section 4 we find explicitly a primitive λ4-
torsion point and a primitive λ5-torsion point of J7,1. In Section 5 we define a certain rational function of J7,1 which produces
units when evaluated at 7-torsion points of J7,1; in this way, we obtain some nontrivial units in a field of degree 42 over
Q. Our way to obtain p-torsion points is similar for p = 5 and p = 7 and, from a theoretical point of view and as we have
explained above, rather straightforward. The difficulty arises in the actual computations and, in this aspect, the case p = 7
is definitely a stronger challenge. That is why we have chosen to describe first the case p = 7 and to leave the case p = 5
to the last paragraph. Thus, in Section 6 we display the results obtained for J5,1; in this section, the curve C5,1 is called C and
the jacobian J5,1 is called J , with all the other evident simplifications.
The general facts about jacobian varieties are explained for example in [15,16], while [17] treats in detail the special case
of jacobians of hyperelliptic curves.
Finally, we wish to say that this work is an edited version of a part of the second author’s Ph. D. in the University of the
Basque Country [12], which passed on March 2006.
2. The λ2-torsion points of J7,1
Let C be the nonsingular model of the curve defined by the affine equation
X7 + Y 2 + Y = 0. (2.1)
ThenC is a hyperelliptic curve of genus 3 whose points can be identified with the points of the affine curve X7+Y 2+Y = 0
together with the point at infinity (0:1:0), which will be denoted by∞. The involution I of C is the automorphism of C
defined by
I(x, y) = (x,−1− y), I(∞) = ∞. (2.2)
Let ζ be a primitive seventh root of unity and let λ = 1− ζ . If we put
ζ (x, y) = (ζ x, y), ζ∞ =∞, (2.3)
then ζ defines an automorphism ofC. Let us denote by J the jacobian ofC and if d is a divisor ofC, let [d] be its class in J . IfΘ
is the Theta divisor of J corresponding to the Abel–Jacobi embedding C → J defined by A 7→ [A−∞], then every element
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of J outside Θ can be written in a unique way (up to order) as [A + B + C − 3∞] with A, B and C affine points of C, while
every nonzero element of Θ can be written as [A −∞] with A an affine point of C or as [A + B − 2∞] with A and B affine
points of C. In any case, every element of J can be written as [A+ B+ C − 3∞]with A, B and C points of C.
For anyw = [A+ B+ C − 3∞] in J , one has
− w = [I(A)+ I(B)+ I(C)− 3∞]. (2.4)
The jacobian J is an abelian variety with complex multiplication by the ring of integers Z[ζ ] of the cyclotomic field Q(ζ ).
Indeed, the automorphism of C given by (2.3) induces an automorphism [ζ ] of J defined by
[ζ ][A+ B+ C − 3∞] = [ζA+ ζB+ ζC − 3∞]. (2.5)
From (2.4) and (2.5) and Z-linearity one deduces easily the effect of any endomorphism of the form [α] with α ∈ Z[ζ ] on
any element of J .
Since the divisor of the rational function x of C is (0, 0)+ (0,−1)− 2∞, it follows from (2.2), (2.3) and (2.5) that
[λ][(0, 0)−∞] = 0. (2.6)
The equality (2.6) and the fact that [(0, 0)−∞] 6= 0 imply that the six primitive λ-torsion points of J can be labelled asw1,
w−1,w2,w−2,w3 andw−3, wherewi = [i(0, 0)− i∞] andw−i = −wi = [i(0,−1)− i∞] for 1 ≤ i ≤ 3.
We are interested in this section in determining the λ2-torsion points of J and hence we need an appropriate way of
labelling them. Let us proceed as follows. For every i with 1 ≤ i ≤ 3, we will denote by wi,0 a certain point of J which will
be explicitly defined below and which verifies that [λ]wi,0 = wi. We set by definition w−i,0 = −wi,0 for 1 ≤ i ≤ 3, so that
[λ]w−i,0 = w−i for 1 ≤ i ≤ 3. For 1 ≤ j ≤ 6 and 1 ≤ i ≤ 3, let us denote bywi,j (resp.w−i,j) the pointwi,j = [ζ j]wi,0 (resp.
w−i,j = [ζ j]w−i,0). Then
{w±i,j, 1 ≤ i ≤ 3, 0 ≤ j ≤ 6} (2.7)
is the set of the 42 primitive λ2-torsion points of J . Thus, in order to determine all the primitive λ2-torsion points of J we
only need to knoww1,0,w2,0 andw3,0. Indeed, if i is any one of the values 1, 2 or 3 and we know that
wi,0 = [(x1, y1)+ (x2, y2)+ (x3, y3)− 3∞], (2.8)
then
wi,j = [(ζ jx1, y1)+ (ζ jx2, y2)+ (ζ jx3, y3)− 3∞] (2.9)
and
w−i,j = [(ζ jx1,−1− y1)+ (ζ jx2,−1− y2)+ (ζ jx3,−1− y3)− 3∞] (2.10)
for all j such that 0 ≤ j ≤ 6.
The effective search for the pointsw1,0,w2,0 andw3,0 is similar in all the three cases. We shall explain now in detail only
the case ofw3,0.
We start with the primitive λ-torsion pointw3 = [3(0, 0)− 3∞] and we want to look for a pointw ∈ J such that
[λ]w = w3. (2.11)
The point w ∈ J satisfying (2.11) which we shall find by the method developed below will be labelled as w3,0, according to
the conventions explained before. Of course, such a pointw will automatically be a primitive λ2-torsion point of J .
To find such a point w, we proceed as follows. We set w = [A+ B+ C − 3∞], where A, B and C are affine points of the
curve C. Since λ = 1− ζ , equality (2.11) is equivalent to
[ζA+ ζB+ ζC + I(A)+ I(B)+ I(C)+ 3(0, 0)− 9∞] = 0.
This means that there is a unique (up to product by a constant) rational function g of the curve C whose divisor (g) is
(g) = ζA+ ζB+ ζC + I(A)+ I(B)+ I(C)+ 3(0, 0)− 9∞. (2.12)
Therefore g ∈ L(9∞). By the Riemann–Roch theorem, we know that dimL(9∞) = 9 + 1 − 3 = 7 and it can be verified
that {1, x, x2, x3, x4, y, xy} is a basis forL(9∞). So
g = ax4 + bx3 + cx2 + dx+ e− fy− hxy (2.13)
for some a, b, c, d, e, f and h inC. We can assert that h 6= 0, so that we can take h = 1. If I(R, g ∩C) denotes the intersection
index of g and the curve C at a point R, (2.12) implies that
I((0, 0), g ∩ C) ≥ 3.
Hence c = d = e = 0, so that
g = ax4 + bx3 − fy− xy.
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If we set I(A) = (x1, y1), I(B) = (x2, y2) and I(C) = (x3, y3), (2.12) becomes
(g) = (ζ x1,−1− y1)+ (ζ x2,−1− y2)+ (ζ x3,−1− y3)+ (x1, y1)+ (x2, y2)+ (x3, y3)+ 3(0, 0)− 9∞. (2.14)
On the one hand, computing the resultant Q (X) of g and Eq. (2.1) defining C with respect to Y , one obtains
Q (X) = bfX3 + (b+ af )X4 + aX5 + b2X6 + (2ab+ f 2)X7 + (a2 + 2f )X8 + X9.
And on the other hand, it is well known (see for example [18], chap. V) that it follows from (2.14) that
Q (X) = (X − ζ x1)(X − ζ x2)(X − ζ x3)(X − x1)(X − x2)(X − x3)X3
= (X3 − ζpX2 + ζ 2qX − ζ 3r)(X3 − pX2 + qX − r)X3,
where p, q and r denote the elementary symmetric functions of x1, x2 and x3. Comparing the coefficients in both expressions
for Q (X), the following system S0 of six polynomial equations with coefficients inQ(ζ ) and the six indeterminates a, b, f , p,
q and r is obtained:
bf − ζ 3r2 = 0
b+ af + (ζ 2 + ζ 3)qr = 0
a− (ζ + ζ 3)pr − ζ 2q2 = 0
b2 + (ζ + ζ 2)pq+ (1+ ζ 3)r = 0
2ab+ f 2 − ζp2 − (1+ ζ 2)q = 0
a2 + 2f + (1+ ζ )p = 0.
Our goal is to find a solution of this system in Q(ζ ) such that it produces as well a point w verifying (2.11). The resultant
R(Y ) of g and Eq. (2.1) defining C with respect to X , is a polynomial of degree 9 of the form
R(Y ) = −b7Y 3 + · · · + Y 9 (2.15)
and as before, it follows from (2.14) (see [18], chap. V) that
R(Y ) = (Y − (−1− y1))(Y − (−1− y2))(Y − (−1− y3))(Y − y1)(Y − y2)(Y − y3)Y 3. (2.16)
Comparing the coefficient of Y 3 in (2.15) and (2.16), we have
−b7 = (−1− y1)(−1− y2)(−1− y3)y1y2y3 = x71x72x73 = r7.
So we get one more equation
− b7 = r7. (2.17)
It follows from (2.17) that b = −rz with z7 = 1. Let us take for example z = 1, that is, b = −r . Substituting this value of b
in the first equation of the system S0, one gets
r(f + ζ 3r) = 0.
The only solution of the system S0 with r = 0 is a = b = f = p = q = r = 0; but of course this solution does not lead to
a point w such that [λ]w = w3. So we put b = −r and f = −ζ 3r in the system S0, obtaining thus a new system S1 of five
polynomial equations in the indeterminates a, p, q and r . The first equation of S1 is r(−1− ζ 3a+ (ζ 2 + ζ 3)q) = 0, so that
a = (1+ ζ 6)q− ζ 4.
Putting this value of a in the last four equations of S1, one gets another system S2 of four polynomial equations in the
indeterminates p, q and r . The first equation of S2 is of degree one in p, so that we can write p as a rational function of q
and r; taking this value of p in the last three equations of S2 and clearing out denominators, we are left with a system S3 of
three polynomial equations
K1(q, r) = 0, K2(q, r) = 0, K3(q, r) = 0 (2.18)
in the indeterminates q and r and whose degrees in q are 3, 4 and 2, respectively. Dividing K1 and K2 by K3 inQ(ζ )(r)[q], the
remainders of the two divisions together with K3 make up a system of three equations in q and r
P1(r)q+ P2(r)
Q1(r)
= 0, P3(r)q+ P4(r)
Q2(r)
= 0, K3(q, r) = 0 (2.19)
which is equivalent to the system (2.18). If one substitutes q by−P2(r)/P1(r) in the last two equations of (2.19), one obtains
N1(r)/D(r) = 0, N2(r)/D(r) = 0,
where N1(r), N2(r) and D(r) are polynomials in Z[ζ ][r]. It happens that the greatest common divisor of N1(r) and N2(r) is
a polynomial of degree three with coefficients in Z[ζ ], with ζ 5 as a simple root and 1+ ζ 3 as a double root.
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Table 1
a b c d e f h p q r
w1,0 0 −1− ζ − ζ 2 − ζ 3 1+ ζ + ζ 2 ζ 4 0 1 0 −1− ζ − 2ζ 2 − 2ζ 3 − ζ 4 − ζ 5 −ζ − ζ 2 ζ 4
w2,0 ζ 1+ ζ + ζ 4 + ζ 5 ζ 4 0 0 1 0 1+ 2ζ + ζ 2 + ζ 4 + ζ 5 −1− ζ 4 ζ 3
w3,0 ζ
3 + ζ 5 −ζ 5 0 0 0 −ζ 1 −ζ 3 + ζ 4 − ζ 5 −1− ζ 2 ζ 5
Now one can verify that the value r = ζ 5 gives rise to the following solution of the initial system of equations S0:
a = ζ 3 + ζ 5
b = −ζ 5
f = −ζ
p = −ζ 3 + ζ 4 − ζ 5
q = −1− ζ 2
r = ζ 5.
Up to now we have found a function g and the x-coordinates of the three points A, B and C such that the projection of Eq.
(2.12) onto the x-line is satisfied. It remains to check that the y-coordinates of the points behave in the right way, so that
(2.12) is fulfilled. In what follows immediately, a, b, f , p, q and r will be the elements of Z[ζ ] in the above list.
Since g vanishes at I(A), I(B) and I(C)we have
yi = (ax4i + bx3i )/(f + xi), 1 ≤ i ≤ 3. (2.20)
What we have to check is that
[ζ ]A = (ζ x1, y′1), [ζ ]B = (ζ x2, y′2), [ζ ]C = (ζ x3, y′3)
where
y′i = (a(ζ xi)4 + b(ζ xi)3)/(f + ζ xi), 1 ≤ i ≤ 3. (2.21)
This amounts to proving that
y′i = −1− yi, 1 ≤ i ≤ 3. (2.22)
Since (ζ xi, y′i) for 1 ≤ i ≤ 3 are points of the curveC, the only possibilities are y′i = yi or y′i = −1−yi. Wewant to eliminate
the first possibility. If for some iwith 1 ≤ i ≤ 3 we have y′i = yi, it follows from (2.20) and (2.21) that
(ax4i + bx3i )(f + ζ xi) = (a(ζ xi)4 + b(ζ xi)3)(f + xi).
Dividing by x3i , we obtain a quadratic equation in xi over Q(ζ ). But xi is a root of the cubic polynomial
X3 − pX2 + qX − r = X3 − (−ζ 3 + ζ 4 − ζ 5)X2 + (−1− ζ 2)X − ζ 5.
Reduction modulo 1 − ζ shows that this polynomial is irreducible over Q(ζ ); therefore xi cannot be a root of a quadratic
equation over Q(ζ ).
So we can definitely assert that the point w = [A + B + C − 3∞], where A = (x1,−1 − y1), B = (x2,−1 − y2) and
C = (x3,−1 − y3) is a point of J such that [λ]w = w3. As announced, we set w = w3,0. This finishes the determination of
w3,0.
We computew1,0 andw2,0 in a similar fashion. Each of these points is determined by a set of values of a, b, c , d, e, f , h, p,
q and r in Z[ζ ] in the following way. If w is w1,0 or w2,0 and we write w = [A + B + C − 3∞], where A = (x1,−1 − y1),
B = (x2,−1− y2) and C = (x3,−1− y3), then the xi (1 ≤ i ≤ 3) are the roots of the polynomial T 3− pT 2+ qT − r and the
yi (1 ≤ i ≤ 3) are given by
ax4i + bx3i + cx2i + dxi + e− fyi − hxiyi = 0.
In Table 1 we have collected the values of a, b, c , d, e, f , h, p, q and r corresponding to the three points wi,0 (1 ≤ i ≤ 3).
Let us recall that the data in Table 1 together with (2.9) and (2.10) give a complete explicit description of the 42 primitive
λ2-torsion points of J .
3. The λ3-torsion points of J7,1
We continue in this sectionwith the same notations and conventions as in the previous one. Our aim is now to determine
completely the λ3-torsion points of J .
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Table 2
b c d e p q
w1,0,0 ζ − ζ 5 −2− ζ − ζ 2 − ζ 3 − 2ζ 5 0 −1− ζ − ζ 3 − ζ 5 −1− ζ 2 − ζ 4 1+ ζ + ζ 3 + ζ 5
w2,0,0 0 2+ 2ζ + 2ζ 4 + ζ 5 1− ζ 2 + ζ 3 − ζ 5 −1− ζ − ζ 4 − ζ 5 −1− ζ − ζ 4 −ζ − ζ 4 − ζ 5
w3,0,0 −1+ ζ 4 0 ζ + ζ 2 − ζ 4 − ζ 5 −1− ζ − ζ 2 − ζ 3 ζ 2 + ζ 3 + ζ 4 + ζ 5 ζ 2 + ζ 3 + ζ 4 + ζ 5
For this, we shall proceed as follows. For every i with 1 ≤ i ≤ 3, we will denote by wi,0,0 a certain point of J which
will be explicitly defined below and which verifies that [λ]wi,0,0 = wi,0 (1 ≤ i ≤ 3). For any k with 0 ≤ k ≤ 6, we write
wi,0,k = wi,0,0 + [k(0, 0)− k∞] (1 ≤ i ≤ 3). Clearly [λ]wi,0,k = wi,0 (1 ≤ i ≤ 3, 0 ≤ k ≤ 6).
Now we setwi,j,k = [ζ j]wi,0,k for 1 ≤ j ≤ 6 (1 ≤ i ≤ 3, 0 ≤ k ≤ 6); it follows that [λ]wi,j,k = wi,j (1 ≤ i ≤ 3, 0 ≤ j ≤ 6,
0 ≤ k ≤ 6). Then, for any i with 1 ≤ i ≤ 3, {wi,j,k|0 ≤ j, k ≤ 6} is the set of the 49 primitive λ3-torsion points w of J such
that [λ2]w = wi.
Finally, we set by definitionw−i,j,k = −wi,j,k for 1 ≤ i ≤ 3 (0 ≤ j ≤ 6, 0 ≤ k ≤ 6), so that [λ]w−i,j,k = w−i,j (1 ≤ i ≤ 3,
0 ≤ j ≤ 6, 0 ≤ k ≤ 6). Then
{w±i,j,k|1 ≤ i ≤ 3, 0 ≤ j, k ≤ 6}
is the set of all the 6 × 72 primitive λ3-torsion points of J . Obviously, thanks to (2.4) and (2.5), this set will be completely
determined if we compute wi,0,k for 1 ≤ i ≤ 3 and 0 ≤ k ≤ 6. In what follows, we first compute wi,0,0 for 1 ≤ i ≤ 3
and then, for every i and every k (1 ≤ i ≤ 3, 0 ≤ k ≤ 6) we shall write wi,0,k = wi,0,0 + [k(0, 0) − k∞] in the form
[A+ B+ C − 3∞]with A, B and C points of the curve C.
In order to minimize computational difficulties as much as possible, we may start looking for a pointw inside the Theta
divisor of J such that [λ]w = wi,0 (1 ≤ i ≤ 3). More precisely, we will look for an w of the form [D + E − 2∞], where D
and E are affine points of the curve C; a priori such a point may not exist, but in fact it does and we will label it aswi,0,0. The
procedure to obtain wi,0,0 (1 ≤ i ≤ 3) is similar to the one we have explained in detail for w3,0 in Section 2. In Table 2 we
collect the values of b, c , d, e, p and q corresponding to the three pointswi,0,0 for i = 1, 2, 3. For each set of values of b, c , d, e,
p and q, let us recall thatwi,0,0 = [D+E−2∞]with D = (x1,−1−y1) and E = (x2,−1−y2), where the coordinates x1 and
x2 are the roots of X2− pX + q and the values of y1 and y2 are given by the equalities bx3i + cx2i + dxi+ e− yi = 0(i = 1, 2).
Now we compute wi,0,k for 1 ≤ i ≤ 3 and 1 ≤ k ≤ 6. More precisely, if wi,0,0 = [D + E − 2∞], we want to reduce the
divisor D + E + k(0, 0) − (k + 2)∞ to the form A + B + C − 3∞, with A, B and C affine points of the curve C. Obviously,
the bigger is k, the more difficult is the reduction. Since 7[(0, 0)−∞] = 0, we have
k[(0, 0)−∞] = (7− k)[(0,−1)−∞], 1 ≤ k ≤ 6
so that, in the worst case, we have to reduce divisors with five affine points in their support. For k = 1 and k = 6 the result
follows at once; indeed, sincewi,0,0 for i = 1, 2, 3 are in the Theta divisor of J , we have
wi,0,1 = [D+ E + (0, 0)− 3∞]
and
wi,0,6 = [D+ E + (0,−1)− 3∞]
where [D + E − 2∞] = wi,0,0. Therefore the six points wi,0,1 and wi,0,6 (1 ≤ i ≤ 3) are determined by the data contained
in Table 2.
For the other values of k, the computation is similar to the one explained above for wi,0 or for wi,0,0. Here the systems
of equations arising along the computations are much easier to solve than the ones we were faced up to in the case of wi,0
or wi,0,0. We collect the results in Table 3. Each of the points wi,0,k = [A + B + C − 3∞] (1 ≤ i ≤ 3, 2 ≤ k ≤ 5), where
A = (x1,−1− y1), B = (x2,−1− y2) and C = (x3,−1− y3), is determined by a set of values of a, b, c , e, p, q and r in Z[ζ ]
in the following way: the coordinates x1, x2 and x3 are the roots of X3 − pX2 + qX − r and y1, y2 and y3 are given by the
equalities ax4i + bx3i + cx2i + e− yi = 0 (1 ≤ i ≤ 3).
This finishes our description of the λ3-torsion points of J . Perhaps it is worth mentioning the fact that the 42 primitive
λ2-torsion points of J are outside the Theta divisor, while among the 6 × 72 primitive λ3-torsion points of J , exactly 42 of
them are in the Theta divisor.
4. On λ4-torsion and λ5-torsion points of J7,1
In the previous sections, we have succeeded in determining completely all the λ3-torsion points of J . These points are
rational over Q(ζ ), in accordance with Greenberg’s theorem ([1], Proposition 1, p. 352). Moreover, it follows also from the
work of Greenberg that on the one hand the primitive λi-torsion points of J for i ≥ 4 are no more rational over Q(ζ ) ([1], p.
346 and end of Section 5) while on the other hand all the 7-torsion points of J are rational overQ(ζ , 7
√
µ1, 7
√
µ2), where µ1
and µ2 are the real units of Q(ζ ) defined by µ1 = ζ + ζ−1 and µ2 = ζ 2 + ζ−2 ([1], p. 356).
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Table 3
a b c e p q r
w1,0,2 0
−ζ + ζ 4
+ζ 5
−ζ 2 − ζ 3
−ζ 4 0
−1− 3ζ−
4ζ 2 − 3ζ 3
−ζ 4
−2− 2ζ
+2ζ 3 + 3ζ 4
+2ζ 5
ζ + 2ζ 2
+2ζ 3 + ζ 4
w1,0,3
ζ + 2ζ 2
+2ζ 3 + ζ 4
−1− 2ζ
−ζ 2 + ζ 4
+ζ 5
0 0 −2ζ 2 ζ 4 1+ ζ
2
+ζ 3 + ζ 5
w1,0,4
−1− ζ
−ζ 2 − ζ 3
−ζ 4 − ζ 5
−1− ζ
−ζ 2 − ζ 4
−ζ 5
0 −1 −1− ζ 4 ζ 4 1+ ζ+ζ 4 + ζ 5
w1,0,5 0 −ζ ζ + ζ
3
+ζ 5 −1 1+ ζ
4 1+ ζ
+ζ 4
1+ ζ
+ζ 2 + ζ 3
+ζ 4 + ζ 5
w2,0,2 0
ζ − ζ 2
+ζ 3
1+ ζ 2
+ζ 3 + ζ 5 0
2+ 2ζ
+3ζ 3 − ζ 4
+3ζ 5
−4+ ζ
−4ζ 2 − 2ζ 4
−2ζ 5
−2− ζ
−ζ 2 − 2ζ 3
−2ζ 5
w2,0,3
−2− ζ
−ζ 2 − 2ζ 3
−2ζ 5
−1+ ζ
−2ζ 2 + ζ 3
−ζ 4
0 0 −2ζ 4 ζ −ζ − ζ
2
−ζ 5
w2,0,4 ζ
5
−1− ζ
−ζ 2 − ζ 3
−ζ 4
0 −1 −1− ζ ζ 1+ ζ+ζ 2 + ζ 3
w2,0,5 0 −ζ 2 −1− ζ−ζ 4 − ζ 5 −1 1+ ζ
1+ ζ
+ζ 2 −ζ
5
w3,0,2 0 1
ζ 2 + ζ 3
+ζ 4 + ζ 5 0
−1− ζ 2
−ζ 3 − ζ 4
−ζ 5
1+ ζ 2
+ζ 5 −1
w3,0,3 −1
1+ ζ 2
+ζ 3 + ζ 4
+ζ 5
0 0
1+ ζ 2
+ζ 3 + ζ 4
+ζ 5
1 −1− ζ
2
−ζ 5
w3,0,4
1− ζ 2
+ζ 3 + ζ 4
−ζ 5
2− ζ 2
+ζ 3 + ζ 4
−ζ 5
0 −1 −2 1 ζ
2 + ζ 3
+ζ 4 + ζ 5
w3,0,5 0
1− ζ 2
−ζ 5
1+ ζ 3
+ζ 4 −1
−3+ ζ 2
−2ζ 3 − 2ζ 4
+ζ 5
3− 2ζ 2
+2ζ 3 + 2ζ 4
−2ζ 5
−1+ ζ 2
−ζ 3 − ζ 4
+ζ 5
Thus, when we try to find any further 7-torsion points of J , we have to look for solutions of polynomial systems in a
number field larger thanQ(ζ ) and in any case it is a fact that in general we are faced up tomuchmore difficult computations.
Taking into account that the number of 7-torsion points of J is 76, it seems therefore unrealistic to attempt to give a complete
list of the 7-torsion points of J .
Nevertheless, it may be interesting to know explicitly some λi-torsion points of J for i ≥ 4. For example, along our
geometric proof of the complementary laws of Kummer’s reciprocity for seventh powers [13,12] we have needed to handle
a set {wi} (1 ≤ i ≤ 5) of torsion points of J such that wi is a primitive λi-torsion point of J for 1 ≤ i ≤ 5 and such that
[λ]wi = wi−1 for 2 ≤ i ≤ 5.
In this paragraph we choose a primitive λ3-torsion point of J , namely w1,4,0, and we compute two points w4 and w5 of
J such that [λ]w4 = w1,4,0 and [λ]w5 = w4; clearly w4 and w5 will be primitive λ4-torsion and λ5-torsion points of J ,
respectively.
The point w4 that we have obtained is the point w4 = [F + G + H − 3∞] with F = (x1,−1 − y1), G = (x2,−1 − y2)
and H = (x3,−1− y3) the affine points of the curve C determined by the following data: the values of x1, x2 and x3 are the
roots of X3 − pX2 + qX − r and for 1 ≤ i ≤ 3, the value yi verifies the equality x4i + bx3i + cx2i + dxi + e− fyi = 0, where p,
q, r , b, c , d, e and f are the elements in the number field Q(ζ , 7
√
µ1, 7
√
µ2) given in Table 4. In this table, s denotes the only
real seventh root of µ31µ2.
In order to get the values of p, q, r , b, c , d, e and f , we proceed as in Section 2. The newproblemhere is the huge difficulty of
the computations. For example at some point wemust solve a system of five polynomial equations inZ[ζ , s] in the variables
p and q, which takes nearly six pages to be written down! Besides the difficulty to compute in the number fieldQ(ζ , s), the
coefficients along the process tend to be enormous and our computer just collapses. Hence, for example, we have to choose
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Table 4
b 17 (51ζ
5s6+27ζ 4s6−16ζ 3s6+27ζ 2s6+51ζ s6−2ζ 5s5−3ζ 4s5−3ζ 3s5−2ζ 2s5+3s5+13ζ 5s4+36ζ 4s4+13ζ 3s4+32ζ s4+32s4+20ζ 5s3+
20ζ 4s3+9ζ 2s3+26ζ s3+9s3+4ζ 5s2−5ζ 3s2+3ζ 2s2+3ζ s2−5s2+13ζ 4s+11ζ 3s+ζ 2s+11ζ s+13s+14ζ 5+21ζ 4+7ζ 3+7ζ 2+21ζ+14)
c 17 (−61ζ 4s6− 36ζ 3s6+ 12ζ 2s6− 36ζ s6− 61s6− 3ζ 5s5− 5ζ 4s5+ ζ 3s5+ ζ 2s5+ 5ζ s5− 3s5+ 24ζ 5s4+ 16ζ 4s4− 3ζ 3s4+ 16ζ 2s4+ 24ζ s4+
12ζ 5s3−10ζ 4s3−10ζ 3s3+12ζ 2s3−18s3−2ζ 5s2−5ζ 4s2−2ζ 3s2−6ζ s2−6s2+8ζ 5s+8ζ 4s+5ζ 2s+16ζ s+5s+7ζ 5−7ζ 3+14ζ 2+14ζ−7)
d 17 (−52ζ 5s6 − 52ζ 4s6 − 22ζ 2s6 − 62ζ s6 − 22s6 − 6ζ 5s5 + 4ζ 3s5 − ζ 2s5 − ζ s5 − 4s5 − 20ζ 4s4 − 11ζ 3s4 + 6ζ 2s4 − 11ζ s4 − 20s4 − 15ζ 5s3 −
25ζ 4s3−9ζ 3s3−9ζ 2s3−25ζ s3−15s3−5ζ 5s2−8ζ 4s2−2ζ 3s2−8ζ 2s2−5ζ s2+3ζ 5s−6ζ 4s−6ζ 3s+3ζ 2s−8s−7ζ 5−14ζ 4−7ζ 3−14ζ−7)
e 17 (−6ζ 5s6 + 5ζ 4s6 + 5ζ 3s6 − 6ζ 2s6 + 9s6 + 4ζ 5s5 + 10ζ 4s5 + 4ζ 3s5 + 5ζ s5 + 5s5 + 4ζ 5s4 + 4ζ 4s4 − ζ 2s4 + ζ s4 − s4 − 2ζ 5s3 − ζ 3s3 −
5ζ 2s3 − 5ζ s3 − s3 − 3ζ 4s2 − 2ζ 3s2 − 4ζ 2s2 − 2ζ s2 − 3s2 − 2ζ 5 + ζ 4 + 2ζ 3 + ζ 2 − 2ζ )
f 17 (6ζ
5s6 − 5ζ 4s6 − 5ζ 3s6 + 6ζ 2s6 − 9s6 + 2ζ 5s5 + 5ζ 4s5 + 2ζ 3s5 + 6ζ s5 + 6s5 + 5ζ 5s4 + 5ζ 4s4 + 4ζ 2s4 + 10ζ s4 + 4s4 + 5ζ 5s3 − ζ 3s3 +
9ζ 2s3 + 9ζ s3 − s3 + ζ 4s2 + 3ζ 3s2 + 6ζ 2s2 + 3ζ s2 + s2 + ζ 5s+ 4ζ 4s++2ζ 3s+ 2ζ 2s+ 4ζ s+ s+ 4ζ 5 − 2ζ 4 + 3ζ 3 − 2ζ 2 + 4ζ )
p 17 (−50ζ 5s6−81ζ 4s6−23ζ 3s6−23ζ 2s6−81ζ s6−50s6−ζ 5s5−3ζ 4s5−6ζ 3s5−3ζ 2s5−ζ s5+13ζ 5s4−19ζ 4s4−19ζ 3s4+13ζ 2s4−23s4−
9ζ 5s3−26ζ 4s3−9ζ 3s3−20ζ s3−20s3−8ζ 5s2−8ζ 4s2−5ζ 2s2−9ζ s2−5s2+10ζ 5s−9ζ 3s+4ζ 2s+4ζ s−9s−14ζ 4−7ζ 3+7ζ 2−7ζ−14)
q 17 (57ζ
5s6 + 57ζ 4s6 + 26ζ 2s6 + 72ζ s6 + 26s6 + 9ζ 5s5 − 6ζ 3s5 + 5ζ 2s5 + 5ζ s5 − 6s5 + 16ζ 4s4 + 6ζ 3s4 − 9ζ 2s4 + 6ζ s4 + 16s4 + 19ζ 5s3 +
27ζ 4s3+3ζ 3s3+3ζ 2s3+27ζ s3+19s3+4ζ 5s2+5ζ 4s2+3ζ 3s2+5ζ 2s2+4ζ s2−ζ 5s+9ζ 4s+9ζ 3s−ζ 2s+5s+7ζ 5+21ζ 4+7ζ 3+14ζ+14)
r − 17 s(15ζ 5s5 + 10ζ 4s5 − ζ 3s5 + 10ζ 2s5 + 15ζ s5 + 6ζ 5s4 − 5ζ 4s4 − 5ζ 3s4 + 6ζ 2s4 − 9s4 − 4ζ 5s3 − 10ζ 4s3 − 4ζ 3s3 − 5ζ s3 − 5s3 − 4ζ 5s2 −
4ζ 4s2 + ζ 2s2 − ζ s2 + s2 + 2ζ 5s+ ζ 3s+ 5ζ 2s+ 5ζ s+ s+ 3ζ 4 + 2ζ 3 + 4ζ 2 + 2ζ + 3)
Table 5
a 17 (−3ζ 5s6− 6ζ 4s6− 3ζ 3s6− 2ζ 2s6− 4ζ s6− 3s6+ 2ζ 5s5+ 3ζ 4s5+ ζ 3s5+ ζ 2s5+ ζ s5− s5+ 4ζ 5s4− 3ζ 4s4− 4ζ 3s4+ 4ζ 2s4+ 3ζ s4− 4s4−
8ζ 5s3 − 14ζ 4s3 − 5ζ 3s3 + 4ζ 2s3 − 2ζ s3 − 10s3 − 6ζ 5s2 − 2ζ 4s2 − 4ζ 3s2 − 6ζ s2 − 3s2 + 2ζ 5s+ ζ 4s+ 2ζ 2s+ 3ζ s− s+ ζ 5 − ζ 4 + 3ζ 2 − 3)
b 17 (−4ζ 5s6 − 13ζ 4s6 − 5ζ 3s6 − 14ζ 2s6 − 18ζ s6 − 9s6 − 6ζ 5s5 − 7ζ 4s5 − 8ζ 3s5 − 14ζ 2s5 − 9ζ s5 − 5s5 + ζ 5s4 + 7ζ 4s4 + 8ζ 3s4 + ζ 2s4 +
4ζ s4 + 7s4 − 12ζ 5s3 − 24ζ 4s3 − 7ζ 3s3 − 9ζ 2s3 − 15ζ s3 − 17s3 − 10ζ 5s2 − 5ζ 4s2 − 11ζ 3s2 − 5ζ 2s2 + ζ s2 − 5s2 + 4ζ 4s+ 2ζ 3s− 2ζ 2s−
4ζ s− 13ζ 5 − 7ζ 4 − 9ζ 3 − 11ζ 2 − 5ζ − 18)
c 17 (16ζ
5s6 + 13ζ 4s6 − 5ζ 3s6 + 8ζ 2s6 + 21ζ s6 + 3s6 − 18ζ 5s5 + 14ζ 4s5 + 20ζ 3s5 − 20ζ 2s5 − 14ζ s5 + 18s5 − 2ζ 5s4 − 15ζ 4s4 − 9ζ 3s4 −
3ζ 2s4 − 16ζ s4 − 18s4 + 9ζ 5s3 + 12ζ 4s3 + 6ζ 3s3 + 9ζ 2s3 + 18ζ s3 + 9s3 − 5ζ 5s2 − 4ζ 4s2 − 3ζ 3s2 − 8ζ 2s2 − 4ζ s2 − 4s2 − 11ζ 5s− 9ζ 4s−
20ζ 3s− 14ζ 2s− 10ζ s− 6s+ 2ζ 5 + 4ζ 4 − 4ζ 3 + 10ζ 2 − 6ζ + 8)
d 17 (−18ζ 5s6−5ζ 4s6+8ζ 3s6−10ζ 2s6−13ζ s6+3s6+3ζ 5s5−19ζ 4s5−16ζ 3s5+6ζ 2s5−8ζ s5−22s5+15ζ 5s4+30ζ 4s4+12ζ 3s4+5ζ 2s4+25ζ s4+
18s4−14ζ 5s3−5ζ 4s3+3ζ 3s3−7ζ 2s3−17ζ s3−9s3+3ζ 5s2−8ζ 3s2+8ζ 2s2−3s2+ζ 5s−2ζ 4s+2ζ 2s−ζ s−3ζ 5+2ζ 4−9ζ 3−4ζ 2−7ζ−7)
e 17 (8ζ
5s6−11ζ 4s6−10ζ 3s6+9ζ 2s6+2ζ s6−12s6+4ζ 5s5+15ζ 4s5+8ζ 3s5+15ζ s5+14s5−13ζ 5s4−16ζ 4s4−3ζ 3s4−3ζ 2s4−17ζ s4−11s4+
12ζ 5s3+8ζ 4s3+7ζ 2s3+13ζ s3+2s3−5ζ 5s2+5ζ 4s2+5ζ 3s2−2ζ 2s2+ζ s2+3s2−3ζ 5s−ζ 4s−2ζ 3s−3ζ s−5s−5ζ 5−ζ 4−4ζ 3−2ζ 2−4ζ−5)
f 17 (4ζ
5s6 + 9ζ 4s6 + ζ 3s6 + ζ 2s6 + 9ζ s6 + 4s6 − 5ζ 5s5 − ζ 4s5 − 2ζ 3s5 − ζ 2s5 − 5ζ s5 − ζ 5s4 + 2ζ 4s4 + 2ζ 3s4 − ζ 2s4 + 5s4 − 5ζ 5s3 −
9ζ 4s3 − 5ζ 3s3 − 8ζ s3 − 8s3 + 5ζ 5s2 + 5ζ 4s2 + 4ζ 2s2 + 3ζ s2 + 4s2 + 5ζ 5s+ 6ζ 3s+ 2ζ 2s+ 2ζ s+ 6s+ ζ 4 + 3ζ 3 − ζ 2 + 3ζ + 1)
p 17 (−7ζ 4s6 − 7ζ 3s6 − 7ζ 2s6 − 7ζ s6 − 7s6 − 3ζ 5s5 + 2ζ 4s5 + ζ 3s5 + ζ 2s5 + 2ζ s5 − 3s5 + 4ζ 5s4 + 5ζ 4s4 − 4ζ 3s4 + 5ζ 2s4 + 4ζ s4 − 3ζ 5s3 −
ζ 4s3 − ζ 3s3 − 3ζ 2s3 + 8s3 − 6ζ 5s2 − 8ζ 4s2 − 6ζ 3s2 − 4ζ s2 − 4s2 + 4ζ 5s+ 4ζ 4s+ 6ζ 2s− 6ζ s+ 6s+ 9ζ 5 + 8ζ 3 + 5ζ 2 + 5ζ + 8)
q 17 (−7ζ 5s6 + 14ζ 4s6 + 14ζ 3s6 − 7ζ 2s6 + 21s6 − 6ζ 5s5 − 15ζ 4s5 − 6ζ 3s5 − 4ζ s5 − 4s5 + 5ζ 5s4 + 5ζ 4s4 + 4ζ 2s4 + 3ζ s4 + 4s4 + 11ζ 5s3 +
2ζ 3s3+ 3ζ 2s3+ 3ζ s3+ 2s3+ 2ζ 4s2+ 6ζ 3s2− 2ζ 2s2+ 6ζ s2+ 2s2− ζ 5s− 4ζ 4s+ 5ζ 3s+ 5ζ 2s− 4ζ s− s+ 12ζ 5− 6ζ 4+ 9ζ 3− 6ζ 2+ 12ζ )
r 17 (−21ζ 5s6 + 14ζ 3s6 − 14ζ 2s6 − 14ζ s6 + 14s6 − 17ζ 4s5 − 9ζ 3s5 + 3ζ 2s5 − 9ζ s5 − 17s5 + ζ 5s4 + 4ζ 4s4 + 2ζ 3s4 + 2ζ 2s4 + 4ζ s4 + s4 +
6ζ 5s3 + 4ζ 4s3 + ζ 3s3 + 4ζ 2s3 + 6ζ s3 − 4ζ 5s2 + ζ 4s2 + ζ 3s2 − 4ζ 2s2 − s2 − 4ζ 5s− 3ζ 4s− 4ζ 3s− 5ζ s− 5s+ 2ζ 5 + 2ζ 4 − 4ζ 2 + 4ζ − 4)
very carefully, by direct inspection of the system, the equations best suited to start with and we must pay attention to any
stage in the process in order to simplify it as much as possible.
Essentially the same procedure applies in order to find a point w5 ∈ J such that [λ]w5 = w4. It happens that the
computations are now even longer than in the case of w4; for example, Proposition 3 is just a single step along these
computations. We write w5 = [I + J + K − 3∞] with I = (x1,−1 − y1), J = (x2,−1 − y2) and K = (x3,−1 − y3)
the affine points of the curve C determined as follows: the coordinates x1, x2 and x3 are the roots of X3 − pX2 + qX − r and
for 1 ≤ i ≤ 3, yi verifies the equality ax4i +bx3i + cx2i +dxi+ e− fyi− xiyi = 0, where a, b, c , d, e, f , p, q and r are the elements
of Q(ζ , s) given in Table 5.
In any case, a detailed written account of the computations of w4 and w5 can be obtained from any of the authors on
demand.
5. An interesting rational function at 7-torsion points of J7,1
If w = [(x1, y1)+ (x2, y2)+ (x3, y3)− 3∞] is a point of J , one notices that the number y1y2y3 associated to w plays an
important role in the computations carried out above. So it is natural to consider the rational function Y of J defined in the
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Table 6
k w1,0,k w2,0,k w3,0,k
2 µ31µ2(−µ1µ2)−7 (µ31µ2)2(−1) (µ31µ2)3(−µ1)−7
3 µ31µ2(µ2)
7 (µ31µ2)
2(µ21µ2)
−7 (µ31µ2)3(µ1)−7
4 µ31µ2(µ1)
−7 (µ31µ2)2(µ1µ2)−7 (µ
3
1µ2)
3(µ21µ2)
−7
5 µ31µ2 (µ
3
1µ2)
2(µ1)
−7 (µ31µ2)3(µ
2
1)
−7
6 µ31µ2(−1) (µ31µ2)2(−µ1)−7 (µ31µ2)3(−µ1µ2)−7
following way. Given anyw ∈ J outside the Theta divisor, there is up to order a unique family of three affine points (x1, y1),
(x2, y2), (x3, y3) of C such thatw = [(x1, y1)+ (x2, y2)+ (x3, y3)− 3∞] and we set
Y (w) = y1y2y3.
Let us show that the rational function Y produces units when evaluated at λ3-torsion points of J . More precisely, we have
the following proposition.
Proposition 1. For any λ3-torsion point w of J which is outside the Theta divisor, Y (w) is either zero or a unit of Z[ζ ].
Proof. Let us recall that zero and the six primitive λ-torsion points of J are in the Theta divisor, that all the 42 primitive
λ2-torsion points of J are outside the Theta divisor and that all the 6 × 72 primitive λ3-torsion points of J are outside the
Theta divisor, except for the 42 pointsw±i,j,0 (1 ≤ i ≤ 3, 0 ≤ j ≤ 6), which are indeed in the Theta divisor.
Letw = [(x1, y1)+ (x2, y2)+ (x3, y3)− 3∞] be a point of J outside the Theta divisor and put r(w) = x1x2x3. Since
y1y2y3(−1− y1)(−1− y2)(−1− y3) = (x1x2x3)7,
one has
Y (w)Y (−w) = r(w)7. (5.1)
Let us start by looking at the primitive λ2-torsion points of J . From the data of Table 1 it follows immediately that
Y (wi,0) = −1 and r(wi,0) = 1 for 1 ≤ i ≤ 3, and these facts together with (5.1) imply that Y (w±i,0) = −1 for 1 ≤ i ≤ 3.
Since Y (wi,j) = Y (wi,0) and Y (w−i,j) = Y (w−i,0) for 1 ≤ i ≤ 3 and 0 ≤ j ≤ 6, one concludes that Y (w±i,j) = −1 for
1 ≤ i ≤ 3 and 0 ≤ j ≤ 6. In other words, Y takes the value−1 at any of the 42 primitive λ2-torsion points of J .
Nowwe turn to the primitive λ3-torsion points of J which are outside the Theta divisor. We start by computing Y (wi,0,k)
for 1 ≤ i ≤ 3 and 2 ≤ k ≤ 6. The values obtained are listed in Table 6 expressed in terms of the units µ1 and µ2 of Z[ζ ]; in
particular they are all units of Z[ζ ].
Now, since in fact all values of r in Table 3 are units of Z[ζ ], it follows from (5.1) that Y (w±i,0,k) is a unit of Z[ζ ] for
1 ≤ i ≤ 3 and 1 ≤ k ≤ 6. Moreover, one has Y (w1,0,1) = Y (w2,0,1) = Y (w3,0,1) = 0 and by direct computation one finds
that
Y (w−1,0,1) = (µ31µ2)−1(−µ1µ2)7
Y (w−2,0,1) = (µ31µ2)−2(−1) (5.2)
Y (w−3,0,1) = (µ31µ2)−3(−µ1)7
and so these three values of the function Y are also units of Z[ζ ]. Finally, since Y (wi,j,k) = Y (wi,0,k) and Y (w−i,j,k) =
Y (w−i,0,k) for 1 ≤ i ≤ 3, 1 ≤ j ≤ 6 and 0 ≤ k ≤ 6, the proposition is proved. 
The somewhat eccentric manner of expressing units in Table 6 and in formulae (5.2) is explained in view of the following
corollary, which is meaningful in [13,12].
Corollary 2. For any λ3-torsion point w of J which is outside the Theta divisor, Y (w) = (µ31µ2)ix7 for some integer i such that
0 ≤ i ≤ 6 and some x which is either zero or a unit of Z[ζ ]. 
Let us look now at the values taken by Y at the points w4 and w5 determined in Section 4. Indeed, Proposition 3 below
constitutes an essential step in the actual computation of w5, while Proposition 4 is of great importance in the geometric
proof of the complementary reciprocity laws for seventh powers given in [13,12].
Proposition 3. Let s be the real seventh root of µ31µ2. The number Y (w4) is the seventh power of a unit of the ring of integers of
Q(ζ , s).
Proof. Using Table 4, we compute Y (w4) and obtain
Y (w4) = 594+ 774s+ 1013s2 + 1319s3 + 1704s4 + 2209s5 + 2889s6 + 644 ζ + 842s ζ + 1110s2ζ
+1440s3ζ + 1858s4ζ + 2415s5ζ + 3172s6ζ + 14 ζ 2 + 35sζ 2 + 63s2ζ 2 + 74s3ζ 2 + 76s4ζ 2
+103s5ζ 2 + 161s6ζ 2 + 238 ζ 3 + 333sζ 3 + 444 s2 ζ 3 + 558s3 ζ 3 + 704s4 ζ 3 + 925s5 ζ 3
+1232s6 ζ 3 + 770 ζ 4 + 1021sζ 4 + 1325s2ζ 4 + 1700s3ζ 4 + 2201s4ζ 4 + 2882s5ζ 4 + 3779s6ζ 4
+322 ζ 5 + 425s ζ 5 + 546s2 ζ 5 + 698s3 ζ 5 + 912s4 ζ 5 + 1203s5 ζ 5 + 1577s6 ζ 5.
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In particular, Y (w4) belongs to the ring of integers ofQ(ζ , s). Let ν denote any one of the seventh roots of Y (w4) in C. Using
as usual the standard techniques concerning resultants, one finds a polynomial S(T ) of Z[T ] such that ν is one of its roots.
On the one hand, the constant term of S(T ) is 1; therefore ν, and hence Y (w4), are units in the ring of integers of Q(ζ , s).
And on the other hand, the polynomial S(T ) factors as a product of seven monic irreducible polynomials of Z[T ] of degree
42. We have chosen one of these seven polynomials (call it M(T )) and applying Euclid’s algorithm in Q(ζ , s)[T ], we have
found that the greatest common divisor of T 7 − Y (w4) andM(T ) is the linear polynomial T − ρ with
ρ = 1
7
(−2− 4ζ − ζ 2 − 2ζ 3 − 2ζ 4 − 3ζ 5 + (−2− 2ζ − ζ 2 − 2ζ 5)s+ (1− 3ζ − 2ζ 2 − ζ 4 − 2ζ 5)s2
+(4− ζ − 3ζ 2 + 3ζ 3 + ζ 4 − 4ζ 5)s3 + (3− 3ζ 2 + ζ 4 − ζ 5)s4 + (−2− 13ζ − 9ζ 2 − ζ 3 − 7ζ 4 − 10ζ 5)s5
+(−11ζ − 7ζ 2 + 3ζ 3 − 4ζ 4 − 9ζ 5)s6),
which shows indeed that ρ is a seventh root of Y (w4) in Q(ζ , s). 
Proposition 4. The number Y (w5) is equal to the product of µ2 and the seventh power of a unit of the ring of integers of Q(ζ , s).
Proof. It is similar to the proof of Proposition 3. Using Table 5 we compute Y (w5) and obtain
Y (w5) = 1432+ 413s2 + 304s3 − 252s4 + 94s5 − 313s6 − 98s ζ + 28s2 ζ − 222s3 ζ − 126s4 ζ + 144s5 ζ
−313s6 ζ + 1091 ζ 2 + 175s ζ 2 + 287s2 ζ 2 + 375s3 ζ 2 − 126s4 ζ 2 + 94s5 ζ 2 + 513 ζ 3 − 224s ζ 3
+287s2 ζ 3 − 222s3 ζ 3 − 252s4 ζ 3 − 270s6 ζ 3 + 513 ζ 4 + 175s ζ 4 + 28s2 ζ 4 + 304s3 ζ 4
+121s5 ζ 4 − 206s6 ζ 4 + 1091 ζ 5 − 98s ζ 5 + 413s2 ζ 5 − 350s4 ζ 5 + 121s5 ζ 5 − 270s6 ζ 5.
Now, following the same process as above, we find that Y (w5) = µ2τ 7, where
τ = 1
7
(1− 3ζ 2 − ζ 3 − ζ 4 − 3ζ 5 + (5ζ + u2 + 2ζ 3 + ζ 4 + 5ζ 5)s+ (−4− 5ζ − 3ζ 2 − 5ζ 3 − 4ζ 4)s3
+(2− 4ζ − 4ζ 2 + 2ζ 3 − 3ζ 5)s4 + (3+ 4ζ + 3ζ 2 + 2ζ 4 + 2ζ 5)s5 + (−6− 6ζ − 2ζ 3 − 5ζ 4 − 2ζ 5)s6)
is a unit of the ring of integers of Q(ζ , s). 
In view of these results, it seems that the rational function Y tends to produce units when evaluated at 7-torsion points of
J; it should be interesting to investigate in more detail this phenomenon. For example, perhaps one could find Minkowski
units in this context, as in the work of Fukuda and Komatsu [9,10], withoutmuchmore effort. In any case, we have exhibited
above explicit nontrivial units in the ring of integers of Q(ζ , s), a number field of degree 42 over Q.
6. Torsion points of J5,1
In this section we summarize the results obtained in the case p = 5. Let C be now the nonsingular model of the curve
defined by the affine equation X5 + Y 2 + Y = 0. Then C is a hyperelliptic curve of genus 2 whose points can be identified
with the points of the affine curve X5+ Y 2+ Y = 0 together with the point at infinity (0:1:0), which will be denoted by∞.
The involution I of C is the automorphism of C defined by
I(x, y) = (x,−1− y), I(∞) = ∞. (6.1)
The letter ζ will denote in this section a primitive fifth root of unity and we write as before λ = 1− ζ . If we put
ζ (x, y) = (ζ x, y), ζ∞ =∞, (6.2)
then ζ defines an automorphism of C. Let us denote by J the jacobian of C and if d is a divisor of C, let [d] be its class in
J . If Θ is the Theta divisor of J corresponding to the Abel–Jacobi embedding C → J defined by A 7→ [A −∞], then every
element of J outsideΘ can be written in an essentially unique way as [A+ B− 2∞] with A and B affine points of C, while
every nonzero element of Θ can be written as [A −∞] with A an affine point of C. In any case, every element of J can be
written as [A+ B− 2∞]with A and B points of C.
For anyw = [A+ B− 2∞] in J one has
− w = [I(A)+ I(B)− 2∞]. (6.3)
The jacobian J is an abelian variety with complex multiplication by the ring of integers Z[ζ ] of the cyclotomic field Q(ζ ).
Indeed, the automorphism of C given by (6.2) induces an automorphism [ζ ] of J defined by
[ζ ][A+ B− 2∞] = [ζA+ ζB− 2∞]. (6.4)
From (6.3) and (6.4) and Z-linearity one deduces easily the effect of any endomorphism of the form [α] with α ∈ Z[ζ ] on
any element of J .
Since the divisor of the rational function x of C is (0, 0)+ (0,−1)− 2∞, it follows from (6.1)–(6.4) that
[λ][(0, 0)−∞] = 0. (6.5)
The equality (6.5) implies that the four primitive λ-torsion points of J can be labelled as w1, w−1, w2 and w−2, where
wi = [i(0, 0)− i∞] andw−i = −wi = [i(0,−1)− i∞] for 1 ≤ i ≤ 2.
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Table 7
a b c d e p q
w1,0 0 1+ ζ + ζ 2 ζ 3 0 1 −ζ − ζ 2 ζ 3
w2,0 1 −ζ 0 0 −ζ 3 1+ ζ + ζ 3 ζ
w1,0,2 0 ζ 2 + ζ 4 0 0 1 1+ ζ 2 ζ + ζ 3
w1,0,3 0 −1− ζ 0 −1 1 ζ 3 + ζ 4 1+ ζ 4
w2,0,0 1 −1− ζ −1− ζ 2 1 −1+ ζ 3 −ζ − ζ 4 1
w2,0,1 0 −ζ − ζ 4 −2− ζ 2 − ζ 3 0 1 −3− 2ζ 2 − 2ζ 3 −2− ζ 2 − ζ 3
w2,0,2 1 −1 0 0 1− ζ 2 − ζ 3 −1+ 2ζ 2 + 2ζ 3 −1+ ζ 2 + ζ 3
w2,0,3 1 −1 0 −1 1 −ζ 2 − ζ 3 1
w2,0,4 0 ζ 2 + ζ 3 −1 −1 1 −2 1
First, let us describe the λ2-torsion points of J . As before, we need for this purpose an appropriate way of labelling them.
Let us proceed as follows. For every iwith 1 ≤ i ≤ 2,wewill denote bywi,0 a certain point of J whichwill be explicitly defined
below and which verifies that [λ]wi,0 = wi. We set by definition w−i,0 = −wi,0 for 1 ≤ i ≤ 2, so that [λ](w−i,0) = w−i for
1 ≤ i ≤ 2. For 1 ≤ j ≤ 4 and 1 ≤ i ≤ 2, let us denote by wi,j (resp. w−i,j) the point wi,j = [ζ j]wi,0 (resp. w−i,j = [ζ j]w−i,0).
Hence
{w±i,j, 1 ≤ i ≤ 2, 0 ≤ j ≤ 4}
is the set of the 20 primitive λ2-torsion points of J . Thus, thanks to (6.3) and (6.4), in order to determine all the primitive
λ2-torsion points of J we only need to knoww1,0 andw2,0.
Let us now describe the λ3-torsion points of J . We label them as follows. For every i with 1 ≤ i ≤ 2, we will denote by
wi,0,0 a certain point of J which will be explicitly defined below and which verifies that [λ]wi,0,0 = wi,0 (1 ≤ i ≤ 2). For any
kwith 0 ≤ k ≤ 4, we writewi,0,k = wi,0,0 + [k(0, 0)− k∞] (1 ≤ i ≤ 2). Clearly [λ]wi,0,k = wi,0 (1 ≤ i ≤ 2, 0 ≤ k ≤ 4).
Now we setwi,j,k = [ζ j]wi,0,k for 1 ≤ j ≤ 4 (1 ≤ i ≤ 2, 0 ≤ k ≤ 4); it follows that [λ]wi,j,k = wi,j (1 ≤ i ≤ 2, 0 ≤ j ≤ 4,
0 ≤ k ≤ 4). Then, for any i with 1 ≤ i ≤ 2, {wi,j,k|0 ≤ j, k ≤ 4} is the set of the 25 primitive λ3-torsion points w of J such
that [λ2]w = wi.
Finally, we set by definitionw−i,j,k = −wi,j,k for 1 ≤ i ≤ 2 (0 ≤ j ≤ 4, 0 ≤ k ≤ 4), so that [λ]w−i,j,k = w−i,j (1 ≤ i ≤ 2,
0 ≤ j ≤ 4, 0 ≤ k ≤ 4). Hence
{w±i,j,k|1 ≤ i ≤ 2, 0 ≤ j, k ≤ 4}
is the set of all the 4 × 52 primitive λ3-torsion points of J . Obviously, thanks to (6.3) and (6.4), this set will be completely
determined if we computewi,0,k for 1 ≤ i ≤ 2 and 0 ≤ k ≤ 4.
The procedure to obtain the twelve points w1,0, w2,0 and wi,0,k for 1 ≤ i ≤ 2 and 0 ≤ k ≤ 4 is the same as in the case
p = 7, but the calculations involved are easier. It happens that all these points are outside the Theta divisor, except for the
point w1,0,0, which is indeed in the Theta divisor. Let us describe briefly the results obtained. If w = [A + B − 2∞] with
A = (x1,−1−y1) and B = (x2,−1−y2) is any one of the twelve points listed above, different fromw1,0,0,w1,0,1 andw1,0,4,
w is determined by the following data: the coordinates x1 and x2 are the roots of the polynomial X2 − pX + q and y1 and y2
are given by ax3i + bx2i + cxi + d − eyi = 0 for 1 ≤ i ≤ 2, where a, b, c , d, e, p and q are the elements of Z[ζ ] gathered in
Table 7.
Moreover, the pointw1,0,0, which is in the Theta divisor, is
w1,0,0 = [(−ζ , ζ + ζ 4)−∞];
hence we obtain automatically
w1,0,1 = [(−ζ , ζ + ζ 4)+ (0, 0)− 2∞]
and
w1,0,4 = [(−ζ , ζ + ζ 4)+ (0,−1)− 2∞].
Let us make a final remark. Given any w ∈ J outside the Theta divisor, there is up to order a unique family of two affine
points (x1, y1), (x2, y2) of C such that w = [(x1, y1) + (x2, y2) − 2∞], so that if we set Y (w) = y1y2, one gets a rational
function Y of J . As in the case p = 7, it is a fact that the rational function Y produces units when evaluated at λ3-torsion
points of J . More precisely, one may check that for every λ3-torsion pointw of J outside the Theta divisor, Y (w) is indeed a
unit in the ring Z[ζ ].
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